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Abstract Keywords 
In this work, we studied the axisymmetric elastic equilib-
rium of transversely isotropic bodies of revolution, 
which are simultaneously under the influence of surface 
and volume forces. The construction of the stress-strain 
state is carried out by means of the boundary state meth-
od. The method is based on the concepts of internal 
and boundary states conjugated by an isomorphism. 
The bases of state spaces are formed, orthonormalized, 
and the desired state is expanded in a series of elements 
of the orthonormal basis. The Fourier coefficients, which 
are quadratures, are calculated. In this work, we propose 
a method for forming bases of spaces of internal and 
boundary states, assigning a scalar product and  forming 
a system of equations that allows one to determine the 
elastic state of anisotropic bodies. The peculiarity of the 
solution is that the obtained stresses simultaneously 
satisfy the conditions both on the boundary of the body 
and inside the region (volume forces), and they are not 
a simple superposition of elastic fields. Methods are 
presented for solving the first and second main problems 
of mechanics, the contact problem without friction and 
the main mixed problem of the elasticity theory for 
transversely isotropic finite solids of revolution that are 
simultaneously under the influence of volume forces. 
The given forces are distributed axisymmetrically with 
respect to the geometric axis of rotation. The solution 
of the first main problem for a non-canonical body 
of revolution is given, an analysis of accuracy is carried 
out and a graphic illustration of the result is given 
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Introduction. Machine parts and mechanisms made of modern anisotropic 
materials are subjected to the simultaneous action of surface and volumetric 
forces. Kinematic conditions are imposed on their boundary. Determination  
of the stress-strain state (SSS) from the totality of such effects and taking into 
account the complexity of the structure of the material is an urgent scientific 
task. 

Volume forces are considered in various works on mechanics. So, in [1] 
problems of the elasticity theory with given volumetric and surface forces  
in functional energy spaces of stress and strain tensors are considered; specific 
problems are solved by the method of orthogonal projections. Exact analytical 
solutions of equilibrium problems for thick-walled transversely isotropic 
compound spheres with a rigidly fixed boundary and under the action of mass 
forces and internal pressure were obtained in [2]. Using the variational Lagrange 
equation, in [3] the condition of equivalence of surface and volume forces was 
obtained for displacements. The displacement field for an elastic body bounded 
by concentric spheres and under the action of axisymmetric unsteady 
volumetric forces was constructed in [4]. 

Contact problems of the elasticity theory have been sufficiently studied; 
more specific aspects of contact problems are currently being investigated. For 
example, in [5] the authors studied a spatial contact problem with an unknown 
contact region for a transversely isotropic elastic half-space. To solve the 
problem, they used Galanov’s numerical method, which allows one to 
simultaneously determine the contact area and the pressure in this area. The 
calculation of the contact of cylinders with finite length taking into account the 
action of the edge effect, its influence on the contact area and stress is given in 
[6]. Using the Fourier transform, the mixed Dirichlet — Neumann boundary 
value problem for the Poisson equation in a domain bounded by two parallel 
hyperplanes was solved in [7]. The solution is written in terms of the 
constructed Green’s function of the Laplace operator. 

Mixed type boundary-value problems of the elasticity theory were 
considered less often than problems with the same type of boundary conditions, 
but their study was carried out in application to various areas of mechanics. 
Mathematical and numerical analysis of asymptotic solutions of three-
dimensional static problems of elasticity theory with mixed boundary conditions 
was performed in [8]. An algorithm for the numerical solution of a mixed 
problem of the elasticity theory for a body that has contact interaction with an 
elastic half-space is implemented in [9]. An analytical solution of the plane 
mixed problem of the elasticity theory for a doubly connected domain was 
constructed in [10]. 
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The boundary state method is used to solve problems for simply connected 
and multiply connected domains of anisotropic bodies. For example, in [11],  
a technique was demonstrated for the formation of a basis of internal states for a 
plane multiply connected anisotropic region. The boundary state method in [12] 
was applied to solve the problems of torsion of infinite anisotropic solid 
cylinders. Thermoelastic equilibrium of transtropic bodies of revolution under 
the action of mass forces was studied in [13]. 

Problem statement. A transversely isotropic body is considered, bounded 
by one or several coaxial surfaces of revolution (Fig. 1). The anisotropy axis 
coincides with the geometric z axis. A cylin-
drical coordinate system z, r was used. The 
body is acted upon by volume forces 

* * *{ , }R ZX  and, in contrast to the type of 
problem, forces * * *{ , }r zp pp  (the first main 
task), displacements of the boundary points 

* * *{ , }u wu  (the second main task), or a 
combination of both on the boundary sec-
tions (the main mixed task) are set on the 
body surface. The task is to determine the 
stress-strain state arising in the body under 
the influence of these factors. 

Materials and methods. To solve the 
problem, the boundary state method (BSM) was used [14]. The method  
is based on the spaces of internal  and boundary  states: 

 ;k N  ,k N  

where ,k  k  are the basic elements of these spaces, 1, 2, , ;k N  N  is the 
number of basic elements. 

The basic element k  in space  is a certain internal state, which includes 
the displacement vector { , },k k ku wu  the strain tensor ˆk k

ij  and the stress 

tensor ˆ :k k
ij  

 ˆ ˆ{ , , }k k kk u  (1) 

 (on the right side of the expression, the index k is placed at the top). 
In the traditional BSM, the basic element k  in space  is a certain bound-

ary state corresponding to :k  

Fig. 1. Transversely isotropic 
body of revolution 
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 { , },k kk vu p  

where { , }k k kv v vu wu  is the movement vector of the border points; 
{ , }k k kr zp pp  is the force vector at the border. 

Here the vector of volumetric forces { , }k k kR ZX  is included in the 
boundary state, which is conditional because volumetric forces do not relate  
to the boundary of the body: 

 { , , }.k k kk vu p X  (2) 

After assigning the bases of the state spaces, it is necessary to ensure their 
isomorphism; for this, the Clapeyron equation [15] was used: 

 ˆˆ 0.v
V S V

dV dS dVX u p u  (3) 

According to (3), the scalar product in space  can be determined using 
the internal energy of elastic deformation (for a body occupying region V,  
for example, for states 1 and 2): 

 1 2
1 2 ˆ ˆ( , ) ,

V
dV  (4) 

and in space  it can be determined using the work of external forces on the 
surface of the body S and the work of volumetric forces on the movements  
of the internal points of the body: 

 1 2 1 2
1 2( , ) .v

S V
dS dVp u X u  (5) 

Moreover, due to the Betti identity and the Clapeyron relation 
1 2 2 1( , ) ( , );  1 2 2 1( , ) ( , ).  Each element k  is in one-to-one cor-

respondence with a single element .k  This allows us to reduce the search 
for an internal state to the construction of a boundary state isomorphic to it. 

After constructing the basis of internal states, the technique of which is de-
scribed below for each problem, it is necessary to orthonormalize it. It is car-
ried out according to the developed recursive-matrix Gram — Schmidt algo-
rithm [16], where relation (4) is taken as the cross scalar products.  

The orthonormalized basis  is reduced from the orthonormalized basis  
by passing to the limit to the body boundary for the displacement vector 

,k kv Su u calculating the forces at the boundary using the relation k k pl lpp n  
(in the cylindrical coordinate system , , ;l p r z  pn  is the component of the nor-
mal to the boundary) and volume forces from the equilibrium equations [17]. 
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However, it is possible to carry out the basis orthonormalization of the space  
separately, operating with the basis elements of this space and the scalar pro- 
duct (5). 

Further, the course of the solution depends on the task. 
The first main task. Volumetric forces * * *{ , }R ZX  inside the region and 

forces  * * *{ , }r zp pp  on the entire boundary are given. 
The desired elastic state ˆ ˆ{ , , }u  and its trace on the boundary 

{ , , }vu p X  are the Fourier series 

 
1

;
N

k k
k

c  
1

N
k k

k
c  (6) 

or if expanded for internal state 

 
1

;kk
k

cu u  
1

ˆ ˆ ;kk
k

c  
1

ˆ ˆ .kk
k

c  

The series coefficients are the same and are calculated by the formula 

 * * .k kk v
V S

c dV dSX u p u  

Here ,u kvu  are the displacement vectors in the k-th basic element (1) of the 
internal states space and in the k-th element (2) of the boundary states space. 

The second main task. Volumetric forces * * *{ , }R ZX  and displacements 

of boundary points * * *{ , }v v vu wu  are set. 
Orthonormalization of the state spaces bases allows us to write the follow-

ing (i, j are some numbers of basic elements, , 1, 2, 3, , ):i j N  

 2 ,j ji j i j i iv v ij
V S V S

dV dS dV dSX u p u X u p u  (7) 

where ij  is the Kronecker delta. Wherein 

 ,i j j i j i j iv v
V S V S

dV dS dV dSX u p u X u p u  .i j  

Replacing the basic characteristics of the elastic field ,jX  j
vu  in (7) with 

the given ones *,X  *vu  and performing an enumeration over the index j,  
we form the matrix of coefficients A and B: 

 

; ;

[ ] ; [ ] ; , .

j ji j i jij v j v
V S V S

j N ij N N ij ji

dV dS dV dS

i j

X u p u X u p u
  (8) 
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Here it is convenient to introduce a matrix-column of Fourier coefficients 
C ,k Nc  which is determined by the relation: 

 1C Β Α,  (9) 

where N is the number of basis elements used. The final solution has the  
form (6). 

Mixed task. The volumetric forces *,X  forces *p  on the surface section pS  

and the displacement of the boundary points *vu  on the surface section ,uS  
p uS S S  are given. 

Representing the terms from (7) in the form 

 ;j j ji i iv v p v u
S Sp Su

dS dS dSp u p u p u  j j ji i iv v p v u
S Sp Su

dS dS dSp u p u p u  

and substituting them into (7), we obtain 

 

2

2 2 .

j j j ji j i i i iv p v u v p v u
V Sp Su Sp Su

j j j jj i i i i iv p v u v p v u ij
V Sp Su Sp Su

dV dS dS dS dS

dV dS dS dS dS

X u p u p u p u p u

X u p u p u p u p u
 

Let us group the terms and denote: 

 2 2 2 ;j ji j i iij v p v u
V Sp Su

dV dS dSX u p u p u  

 2 2 2 ;j jj i i iij v p v u
V Sp Su

dV dS dSX u p u p u  2 .ij ij ij  

Let us transform ij  in the following way: we replace the basic 

characteristics of the elastic field ,jX  ,jp  j
vu  with the given ones, and we will 

enumerate the coefficients by the index j; then 

 * * *2 2 2 .j jjj v p u
V Sp Su

dV dS dSX u p u p u  

Next, we form matrices A and B (8), calculate column C using dependence (9), 
and determine the desired characteristics by (6). 

Let us now consider a mixed boundary value problem for which normal 
displacements and shear stresses (in terms of BSM these are forces) are specified 
on one of the boundaries of the body. This setting simulates the contact 
interaction of the body under consideration with another body or half-space. 
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Here the volumetric forces *X  are set, as well as the boundary conditions on the 
contact surface * *{ , }r z up u S  and the forces on the rest of the body surface 

* * *{ } .r z pp , p Sp  
Representing the terms from (7) in the form 

 ;j j j j j ji i i i i iv v u v p r r u z z u v p
S Su Sp Su Su Sp

dS dS dS p u dS p u dS dSp u p u p u p u  

 ,j j j ji i i iv r r u z z u v p
S Su Su Sp

dS p u dS p u dS dSp u p u  

and substituting them into (7), we obtain 

 

2 2 2 2 2

2 2 2 2 .

j j ji j i i i j ir r u z z u v p
V Su Su Sp V

j j ji i ir r u z z u v p ij
Su Su Sp

dV p u dS p u dS dS dV

p u dS p u dS dS

X u p u X u

p u
 

Let us group the terms and denote 

 2 2 2 2 ;j j ji j i i iij r r u z z u v p
V Su Su Sp

dV p u dS p u dS dSX u p u  

 2 2 2 2 ,j j jj i i i iij r r u z z u v p
V Su Su Sp

dV p u dS p u dS dSX u p u  

It is easy to see that 2 .ij ij ij  
Let us transform ij  as follows: we replace the basic characteristics of the 

elastic field ,jX  ,j
rp  j

zu  with the given ones, we will carry out the enumeration 
by the index j, thus forming the matrix of coefficients А (8), for which 

 * * * *2 2 2 2 .j j jjj r r u z z u v p
V Su Su Sp

dV p u dS p u dS dSX u p u  

Further, the solution is constructed using dependencies (9) and (6). 
In all problems, the testing of the Fourier coefficients is carried out by 

substituting one of the basic elements with the corresponding boundary 
conditions as a given one, while the conditions 1nc  (n is the number of the 
tested element) must be satisfied, the rest of the Fourier coefficients must  
be equal to zero. 

Formation of the internal states basis. The main task in the boundary 
states method is the formation of the internal states basis, which can be condi-
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tionally divided into two: 1) the basis in the elastostatics problem (space );S

2) the basis in the problem of volumetric forces (space ).Х  
The basis formation technique for the elastostatic problem is described in 

detail in [18]. Based on the method of integral superposition, they established 
the dependence of the spatial stressed and deformed states of an elastic trans-
versely isotropic body on certain auxiliary two-dimensional states, the compo-
nents of which depend on two coordinates [17]. Plane deformation is used  
as such states: 

 1 1 2 21 2Re[ ];pl
ru iq iq  1 1 2 21 2Re[ ],pl

zu p p  (10) 

where 1,q  1p  are the constants determined by the elastic constants of the 
transtropic material; / ,j jz iy  j  are complex roots of the characteristic 

equation, functions ( )jj  are analytical in their variables. 
The transition from a plane state to an axisymmetric spatial state in cylin-

drical coordinates z, r is carried out according to the dependences [17]: 

 
2 2

1 ;
plr y

r

u
u dy

r r y
 

2 2

1 ;
plr
z

r

uw dy
r r y

 0.v  (11) 

Giving the values successively to two analytical functions in (10): 

 11 1 1

2 2 22

0 0
, , , , , 1, 2, 3,

0 0

n n

n n
i

n
i

 

All elastic characteristics of the plane auxiliary state are determined, and 
then a transition to a three-dimensional state follows according to dependen-
cies (11), forming a finite-dimensional basis in the problem of elastostatics: 

.S S
k  

To construct plane auxiliary states from the action of volumetric forces, a 
fundamental system of polynomials ,y z  was applied, which can be placed in 
any position of the displacement vector ,plu  forming a certain admissible elas-
tic field [19]: 

 {{ , 0}, {0, }}.pl y z y zu  

Enumeration of all possible options within the limits ,n  
 1,  2,  3, ,n  allows you to get a set of plane states. Further, according to 

(11), the components of the displacement vector of the spatial axisymmetric 
state are determined and the corresponding deformations tensors, stresses ten-
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sors and volumetric forces are determined, forming a finite-dimensional basis 
in the problem of volumetric forces: .Х Х

k  
In the first main task, the following basis is used: 

 ,Х
k  1, 2, 3,k  (12) 

It is built only on the elements of states from the action of volumetric forces. 
In all other tasks, the combined basis is used: 

 1, ,S Х
k k  1, 3, 5, 7, 9, ,k  

otherwise, the convergence of the solution will not be ensured. 
Problem solution. Let us consider the first main problem for a body  

of revolution of a non-canonical shape (Fig. 2, a) from a large dark gray silt-
stone rock [15]. After the procedure of non-dimensionalization of the problem 
parameters, the analogy of which is presented in [20], the elastic characteristics 
of the material were 6.21,zE  5.68,rE  2.29,rG  2.55,zG  0.22,z  

0.24.r  
Let us investigate the distribution of stresses inside the area from the ac-

tion of volumetric forces * 2{ , 0}rX  (Fig. 2, b), provided that the trace  
of these stresses on the boundary is zero * 0.p  

On the meridional section (see Fig. 2, a) negative coordinates along the r 
axis are designated conventionally, in reality 0 1.r  

       Fig. 2. The meridional section of the body (a) and the contour  
of the deformed body (b) 

 
To solve the problem, a basis (12) of 70 elements was required; we will not 

present the Fourier coefficients. Checking the result and assessing the accuracy 
is carried out by comparing the specified boundary conditions with those re-
constructed as a result of the solution. The volumetric forces in the areas 1S  



D.A. Ivanychev, E.Yu. Levina

66 ISSN 1812-3368. Вестник МГТУ им. Н.Э. Баумана. Сер. Естественные науки. 2021. № 4 

and 2S  are shown in Fig. 3. In the Figures, the given ( ) and restored  
( ) volumetric forces are shown to scale. For example, the true R value 
in the left graph of Fig. 3, a is equal to the value on the graph multiplied by the 
coefficient .  

Fig. 3. Verification of volumetric forces at the border in sections 1S  (a)  
and 2S  (b) 

The SSS components having a polynomial form are presented in the form of 
isolines (in an explicit form they are boundless) in Fig. 4 (for all isolines 210 ). 
Due to axial symmetry, the displayed region is 1 {( , ) 0 1, 1 1}.V z r r z  

The obtained elastic fields satisfy all equations of the elasticity theory for a 
transversely isotropic body [17]. 

Solutions of the second main, main mixed and mixed problem in the con-
tact formulation are given in [21–23]. 

Results and discussion. The solution of problems in the linear theory  
of elasticity is constructed in the form of series, not relying entirely on the gen-
eral or fundamental solution, as was done, for example, in [19]. Here the de-
pendence of the vector of displacement of the plane auxiliary state on the coor-
dinates y z  is given and the displacement vector of the spatial axisymmetric 
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state is determined on its basis. For such a vector, the deformation tensor is de-
termined from the Cauchy relation, the stress tensor from Hooke’s law, the forc-
es on the surface of the body from the fundamental Cauchy relation, and the 
volume forces from the equilibrium equation. An exact particular solution of the 
problem is constructed, corresponding to the displacement function specified at 
each point of the body. Sorting out 1,  2,  ,, 3,nn  a set of exact solu-
tions is constructed and a basis is formed in the volumetric forces problem, 
which, together with the basis in the elastostatic problem, forms a set of particu-
lar solutions of the problem. Leaving only linearly independent ones among these 
solutions and carrying out their orthogonalization, we obtain a basis in which the 
corresponding vectors or tensors are expanded into series (6) with the same coef-
ficients. Therefore, the outlined approach is broader than the approach based  
on general or fundamental decisions. In this case, the orthogonallization proce-
dure is used, defined by relations (4) or (5), which allows immediately construct-
ing the problem solution with given volumetric and surface forces, rather than a 
complete solution as the sum of a particular solution of the volumetric forces 
problem and the general solution of surface forces problem [19].  

Fig. 4. Isolines of SSS components: 
a, b) displacement ,u  ;w  c, d) stresses ,rr zz  

 
However, the proposed method is not common for any class of considered 

domains (simply connected and multiply connected) and the type of given 
volume force functions. The convergence rate of the series depends on the 
boundary conditions and conditions inside the region, as well as on the geom-
etry of the body. 
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Conclusion. The boundary state method has shown its effectiveness in solv-
ing classical boundary value problems of the elasticity theory for transversely iso-
tropic bodies of revolution with volumetric forces. The solution has an analytical 
form, which makes it easy to analyze the obtained SSS characteristics. 
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