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The paper considers the solution to the mixed boundary-value problem of finding
a harmonic function of n variables for the domain confined by two parallel hyper-
planes. This function was determined by its values on a hyper-plane and its normal
derivative on another hyper-plane. The obtained solution is presented as a sum of
two integrals which kernels are expressed only in terms of elementary functions in
the case of the even-dimension space. In contrast to the odd-dimension space they
are also expressed through the Bessel functions. If the given boundary values are
tempered distributions, then the solution is written as a convolution of the kernels with
these functions. The opportunity of practical application of the obtained formulas is
illustrated by the example of forming up a filtration flow under the spot dam with a
aquiclude.
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Harmonic functions of two and three variables describe many stationary
processes of underground hydrodynamics, thermal conductivity, etc.
Therefore, the search for solutions to various boundary value problems
for the Laplace equation (and new simpler forms of solutions) is highly
relevant. In case of simply connected planar domains (e.g., bandwidth)
solving these problems by means of conformal transformations is reduced
to solving them for canonical domains — a circle and a half-plane. If there
are more than two variables, it is not possible. A unique solution has to be
seached for each domain. In case of a half-space the primary method of
solving the boundary value problems for linear partial differential equations
with constant coefficients is Fourier transformation for the variables in the
boundary hyperplane [1]. Poisson and Neumann kernels of integrals which
solve both the first (Dirichlet problem) and second (Neumann problem)
boundary value problems for the Laplace equation in a half-space are
well known [2, 3]. In case of the bandwidth and infinite layer in three-
dimensional space the kernels of the integral representing various solutions
of boundary value problems for the Laplace equation can be obtained by
the method of reflections in the form of sums of infinite series [4, 5]. For
an infinite layer in n-dimensional space the first boundary value problem
was solved by one of the authors of [6]. Wherein it was managed to sum
up the above mentioned series, expressing their sum in terms of elementary
functions. In this paper the mixed boundary value Dirichlet — Neumann
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problem for the Laplace equation was solved for an infinite layer in n-
dimensional space. The solutions of this problem for the bandwidth and
the infinite layer in three-dimensional space obtained by the method of
reflection are known [5]. In this work, the problem has been solved by
the Fourier transform method. The recurrence relation between the integral
kernels for n- dimensional and (n + 2)-dimensional layers was obtained
and for n = 2, 3, 4 these kernels are expressed in terms of elementary
functions (for n = 3 Bessel functions are also used).

Notations. Statement of the problem. Let us introduce the following
notation

x = (x1, . . . , xn) ∈ R
n, (x, y) = (x1, . . . , xn, y) ∈ R

n+1, y ∈ R;

|x| =
√
x21 + . . .+ x

2
n, 〈x, t〉 = x1t1 + ∙ ∙ ∙+ xntn, dx = dx1 ∙ ∙ ∙ dxn;

Δu (x, y) = Δu = ux1x1 + . . .+ uxnxn + uyy

— Laplacian;

F (t) = F [f ] (t) =
∫

Rn

f (x) ei〈x,t〉dx

— Fourier transform method of a summable function f (x) . If the function
f(x, y) summable on x depends on the variables x and y, then its Fourier
transform on x will be denoted as

Fx [f ] (t, y) =
∫

Rn

f (x, y) ei〈x,t〉dx.

The inverse Fourier transform of a summable function F (t) is defined
similarly

f (x) = F−1 [F ] (x) =
1

(2π)n

∫

Rn

F (t) e−i〈x,t〉dt,

as well as the Fourier transform of the function F (t, y) summable on t

F−1t [F ] (x, y) =
1

(2π)n

∫

Rn

F (t, y) e−i〈x,t〉dt.

The definition of the Fourier transform of tempered distribution is given
in [7].

Let us consider the mixed boundary value problem: to find a function
u (x, y) of n+ 1 variable harmonic in

D = {(x, y) : 0 < y < a} ⊂ Rn+1;
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Δu (x, y) = 0, x ∈ Rn, 0 < y < a ,

in order to satisfy the boundary conditions

u (x, 0) = ϕ (x) , x ∈ Rn;

uy (x, a) = ψ (x) , x ∈ Rn.

Solution of the problem for the general case. Derivation of the
recurrence relation. Let us apply the Fourier transform on x to the Laplace
equation, denoting

U (t, y) = Fx [u] (t, y) ; Φ (t) = F [ϕ] (t) ; Ψ (t) = F [ψ](t).

We will obtain a boundary value problem for an ordinary differential
equation with a parameter t ∈ Rn:

− |t|2 U (t, y) + Uyy (t, y) = 0;

U (t, 0) = Φ (t) , Uy (t, a) = Ψ (t) .

The solution to this boundary value problem is a function

U (t, y) = Φ (t)
ch(|t| (a− y))
ch(a|t|)

+ Ψ (t)
sh (|t| y)
|t| ch (a |t|)

.

Applying the inverse Fourier transform, we are finding the solution to the
original mixed boundary value problem as a convolution

u (x, y) = ϕ (x) ∗Kn (x, y) + ψ (x) ∗ Ln (x, y) , (1)

where the kernels are designated as

Kn (x, y) = F
−1
t [kn] (x, y) , kn (|t| , y) =

ch (|t| (a− y))
ch(a|t|)

, t ∈ Rn;

Ln (x, y) = F
−1
t [ln] (x, y) , ln(|t| , y) =

sh (|t| y)
|t| ch (a |t|)

, t ∈ Rn.

Since
∂

∂y
ln (|t| , y) = kn (|t| , a− y) ,

then
∂

∂y
Ln (x, y) = Kn (x, a− y)

and
∂

∂y
Ln (x, y) as y → a − 0, behaves in the same way as Kn (x, y) if

y → +0.
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It is easy to notice that kn(|t| , y) and ln (|t| , y) are infinitely differentiable
and rapidly decreasing functions t ∈ Rn, i.e. they belong to the space
S(Rn) [7]. These functions are also spherically symmetric, so while
calculating the inverse Fourier transform it is possible to pass to the
spherical coordinates in the space Rn. Let us denote |x| = r, |t| = ρ, σn−1
as an area of the unit sphere in the space Rn. For any spherically symmetric
function hn (|t|) = hn (ρ) ∈ S (Rn) we have

Hn (|x|) = Hn (r) = F
−1
t [hn] (x) =

1

(2π)n

∫

Rn

hn (|t|)e
−i〈x,t〉dt =

=
σn−1

(2π)n

∞∫

0

hn (ρ) ρ
n
2 dρ

π∫

0

e−irρcos θsinn−2θdθ =

=
1

(2π)
n
2 r
n
2
−1

∞∫

0

hn (ρ) ρ
n
2 Jn
2
−1 (rρ) dρ,

where Jn
2
−1 (rρ) is the Bessel function of the first kind of order ν = n/2−1

[7, 8]. The above formula is valid and it is easy to be checked.
By differentiating the above equation and by considering the formula

of the theory of Bessel functions [4]

νJν (rρ)

rρ
− J ′ν (rρ) = Jν+1 (rρ) ,

we obtain the recurrence formula

Hn+2 (r) = −
1

2πr

∂

∂r
Hn (r) .

For this formula it is necessary to know the kernels Kn (x, y) and
Ln (x, y)only for n = 1 and n = 2.

Since the Fourier transform moves the space S(Rn) into itself,
the kernels Kn (x, y) = K∗n (|x| , y) and Ln (x, y) = L∗n (|x| , y) when
∀y ∈ (0, a), are spherically symmetric functions of x in the space S (Rn).
Therefore, the convolution (1) exists for any tempered distribution ϕ (x) ∈
∈ S ′ (Rn), ψ (x) ∈ S ′ (Rn), and can be written as

ϕ (x) ∗Kn (x, y) + ψ (x) ∗ Ln (x, y) =

= (ϕ (t) , Kn (x− t, y)) + (ψ (t) , Ln (x− t, y)) .

When ϕ (x) and ψ (x) are normal functions of polynomial growth,
convolution (1) can be written as a sum of integrals

∫

Rn

ϕ (t)Kn (x− t, y) dt+
∫

Rn

ψ (t)Ln (x− t, y) dt .
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It is easy to test the feasibility of the following properties in the area D:
1) Kn (x, y) > 0;

2)
∫

Rn

Kn (x, y) dx = 1;

3) when ∀δ > 0, lim
y→+0

sup
|x|≥δ

Kn (x, y) = 0.

These properties mean that Kn(x, y) is an approximate identity, or
δ-shaped system of functions of x (with parameter y). When y → +0,
Kn(x, y) converges weakly to a δ-function δ (x). Since

∂

∂y
Ln (x, y) = Kn (x, a− y) ,

∂

∂y
Ln (x, y) is an approximate identity as y → a− 0.

Therefore, if ϕ (x) ∈ S ′ (Rn) and ψ (x) ∈ S ′ (Rn), then the formula (1)
gives a generalized solution to the problem: lim

y→+0
u (x, y) = ϕ (x) in S ′;

lim
y→a−0

uy (x, y) = ψ (x) in S ′.

If the functions ϕ (x) and ψ(x)are normal functions of polynomial
growth, than at each point of continuity

lim
y→+0

u (x, y) = ϕ (x) ; lim
y→a−0

uy (x, y) = ψ (x) .

Solution to the mixed boundary value problem for the bandwidth
on the plane. In the case of two variables in view of parity functions in t
(k1 (|t| , y) = k1 (t, y), l1 (|t| , y) = l1 (t, y)), the inverse Fourier transform
can be found from the tables [9]:

F−1t [k1] (x, y) =
1

a

sin
(πy
2a

)
ch
(πx
2a

)

ch
(πx
a

)
− cos

(πy
a

) = K1 (x, y) ;

F−1t [l1] (x, y) =
1

2π
ln




ch
(πx
2a

)
+ sin

(πy
2a

)

ch
(πx
2a

)
− sin

(πy
2a

)



 = L1(x, y).

If the functions ϕ (x) and ψ (x) are the functions of polynomial growth,
then the solution to the mixed problem is written as the integral formula

u (x, y) =
1

a
sin
(πy
2a

) ∞∫

−∞

ϕ (t)

ch

(
π (x− t)
2a

)

ch

(
π (x− t)

a

)

− cos
(πy
a

)dt +
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+
1

2π

∞∫

−∞

ψ(t)ln







ch

(
π(x− t)
2a

)

+ sin
(πy
2a

)

ch

(
π(x− t)
2a

)

− sin
(πy
2a

)





dt .

The solution to this problem is known, but the one with the kernel in
the form of an infinite series [5]:

u (x, y) =

∞∫

−∞

ϕ (t)

[
∂

τ
G (x, y, t, τ )

]

τ=0

dt+

∞∫

−∞

ψ (t)G (x, y, t, a) dt,

where

G (x, y, t, π) =

=
1

a

∞∑

0

1

μn
exp (−μn |x− t|) sin(μny) sin(μnτ), μn =

π(2n+ 1)

2a
.

Solution to the mixed boundary value problem for an infinite
layer in three-dimensional space. For three variables kernels can not
be expressed in terms of elementary functions:

K2 (x, y) =
1

2π

∞∫

0

ch(ρ (a− y))
ch(aρ)

ρJ0 (ρ |x|) dρ;

L2 (x, y) =
1

2π

∞∫

0

sh(ρy)

ch(aρ)
J0 (ρ |x|) dρ.

If the functions ϕ (x) and ψ (x) are the functions of polynomial growth,
then the solution of the mixed problem is written as the integral formula

u (x, y) =
1

2π

∫

R2

ϕ (t) dt

∞∫

0

ch(ρ (a− y))
ch(aρ)

ρJ0 (ρ |x− t|) dρ +

+
1

2π

∫

R2

ψ (t) dt

∞∫

0

sh(ρy)

ch(aρ)
J0 (ρ |x− t|) dρ.

In this case the solution to the problem is also known with the kernel
in the form of an infinite series [5]:

u (x, y) =

∫

R2

ϕ (t)

[
∂

τ
G (x, y, t, τ )

]

τ=0

dt+

∫

R2

ψ (t)G (x, y, t, a) dt,
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where

G (x, y, t, τ ) =
1

4π

∞∑

n=−∞

(
1

rn1
−
1

rn2

)

;

rn1 =

√
|x− t|2 + [y − (−1)n τ − 2na]2;

rn2 =

√
|x− t|2 + [y + (−1)n τ − 2na]2.

Solution to the mixed boundary value problem for an infinite layer
in four-dimensional space. Let us show how to apply the recurrence
relation for the solution to the mixed boundary value problem for spaces
of arbitrary dimension illustrated by the example of an infinite layer in the
four-dimensional space. We find kernels from the recurrent formulae.

K3(x, y) = −
1

2πr

∂

∂r
K1(r, y) = −

1

2πr

∂

∂r



1
a

sin
(πy
2a

)
ch
(πr
2a

)

ch
(πr
a

)
− cos

(πy
a

)



 =

=

(
2 + cos

(πy
a

)
+ ch

(πr
a

) )
sin
(πy
2a

)
sh
(πr
2a

)

4a2r
(
cos
(πy
a

)
− ch

(πr
a

) )2 =

=

(

2 + cos
(πy
a

)
+ ch

(
π
√
x21 + x

2
2 + x

2
3

a

))

sin
(πy
2a

)
sh

(
π
√
x21 + x

2
2 + x

2
3

2a

)

4a2
√
x21 + x

2
2 + x

2
3

(

cos
(πy
a

)
− ch

(
π
√
x21 + x

2
2 + x

2
3

a

))2 ;

L3 (x, y) = −
1

2πr

∂

∂r
L1 (r, y) = −

1

2πr

∂

∂r



 1
2π
ln




ch
(πr
2a

)
+ sin

(πy
2a

)

ch
(πr
2a

)
− sin

(πy
2a

)







 =

=
sin
(πy
2a

)
sh
(πr
2a

)

2πar
(
cos
(πy
a

)
+ ch

(πr
a

)) =

=

sin
(πy
2a

)
sh

(
π
√
x21 + x

2
2 + x

2
3

2a

)

2πa
√
x21 + x

2
2 + x

2
3

(

cos
(πy
a

)
+ ch

(
π
√
x21 + x

2
2 + x

2
3

a

)) .

If the functions ϕ (x) and ψ (x) are normal functions of polynomial
growth, the solution to the mixed problem is written as the integral formula
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u (x, y) =
sin
(πy
2a

)

4a2

∫

R3

ϕ(t)

(

2 + cos
(πy
a

)
+ ch

(
π |x− t|

a

))

sh

(
π |x− t|
2a

)

|x− t|

(

cos
(πy
a

)
− ch

(
π |x− t|

a

))2 dt+

+
sin
(πy
2a

)

2πa

∫

R3

ψ(t)

sh

(
π |x− t|
2a

)

|x− t|

(

cos
(πy
a

)
+ ch

(
π |x− t|

a

))dt.

Application in the underground hydrodynamics. We consider the
solution to the problem of filtration theory describing the flow under the
spot dam with an aquitard as an example of the formula for the two variables
application. Filtering the liquid (water) is caused by the pressure difference
at the upstream wall (P1 = −ϕ1) and downstream wall (P2 = −ϕ2)
(Figure). The velocity field of the filtered fluid is described by the vector
−→v = k

−−−→
grad u, where the coefficient k characterizes the permeability of

the medium (soil) [10, 11]:

Δu (x, y) = 0, −∞ < x <∞, 0 < y < a;

u (x, 0) = ϕ1, x < 0, u (x, 0) = ϕ2, x > 0;

uy (x, a) = 0, −∞ < x <∞.

The solution to this problem is a function

u (x, y) =
ϕ1

a
sin
(πy
2a

) 0∫

−∞

ch (π (x− t)/2a)
ch (π (x− t)/a)− cos (πy/a)

dt +

+
ϕ2

a
sin
(πy
2a

) ∞∫

0

ch (π (x− t)/2a)
ch (π (x− t)/a)− cos (πy/a)

dt =

=
ϕ2−ϕ1
π
arctg

(
sh (πx/2a)

sin (πy/2a)

)

+
ϕ1 + ϕ2
2

.

Filtration flow diagram for the
point dam with an aquitard
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Conjugate harmonic function has the form of an equation of the
streamlines (see. figure).

v (x, y) =
ϕ1 − ϕ2
2π

ln

(
ch (πx/2a) + cos (πy/2a)

ch (πx/2a)− cos (πy/2a)

)

,

Conclusion. The obtained formulae for the solution to a mixed
boundary value problem for the Laplace equation in an infinite layer can
also be applied when the boundary values are the tempered distributions.
In this case the solution is a generalized one, i.e. u (x, y)and uy (x, y) when
y → +0 and thus y → a − 0 converge weakly in the space S ′(Rn) to the
given boundary values. In case of two variables the specified formulae can
be used to solve plane problems of the underground fluid dynamics (the
theory of filtration).
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